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Abstract 
This paper aims to develop an effective meshless technique for the analysis of elasto-plastic 
problems. The material nonlinearity will be studied by a new pseudo-elastic local radial 
point interpolation formulation which is based on the local Petrov-Galerkin form and the 
radial basis function (RBF) interpolation. Hencky’s total deformation theory is used to 
define the effective Young’s modulus and Poisson’s ratio, which are treated as spatial field 
variables, and considered as functions of the final stress state and material properties. These 
effective material parameters are obtained in an iterative manner using the strain controlled 
projection method. Several numerical examples are presented to illustrate the effectivity of 
the newly developed formulation, and the numerical results obtained by the present method 
closely agree with the results obtained by other methods. It has proven that the present 
pseudo-elastic local meshless method is effective and easy to apply to the analysis of elasto-
plastic materials subjected to proportional loading  
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1. Introduction 
To understand the material behaviour in the plastic range is essential for the analysis and 
design of engineering structures. However, the nonlinear stress-strain relationship and the 
loading path dependency in the plastic range make the analysis tedious. In recent times, the 
finite element method (FEM) has become a dominated numerical simulation tool for the 
analysis of material behaviour in the elastic and elasto-plastic ranges, especially in practical 
engineering applications [1][2].  Moreover, because of the rapid development of engineering 
and science, the problems of material nonlinearity have become even more challenging. In 
addition, some shortcomings of FEM have been revealed because of the use of meshes and 
elements [3]. To overcome these shortcomings, the concept of meshless method has been 
proposed [3][4]. 
In recent years, some meshless methods have achieved remarkable progress. 
According to using or not using integration, meshless methods can be largely grouped into 
two different categories [4]: 1) the meshless method based on strong-forms of partial 
differential equations (PDEs), and 2) the meshless method based on weak-forms of PDEs. 
The first category includes the smooth particle hydrodynamics (SPH) [5], the meshless 
collocation method [6][7], etc. The second category includes the diffuse element method [8], 
the element-free Galerkin (EFG) method [9], the reproducing kernel particle method (RKPM) 
[10], the point interpolation method (PIM) [11], meshless boundary-type methods[12][13], 
the meshless local Petrov-Galerkin (MLPG) method [14]-[16], etc. In the second category, 
some methods are based on the global Galerkin weak-form (e.g., EFG), and some are based 
on the local weak-forms (e.g., MLPG). 
In order to alleviate the global background cells for the numerical integration,  Atluri 
and Zhu [14] proposed the MLPG, in which the local Petrov-Galerkin weak-form and the 
moving least squares approximation (MLSA) were used.  Following the idea of the MLPG 
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method, Liu and Gu [18][19] developed the local radial point interpolation method (LRPIM) 
based on the locally weighted residual method and the radial basis function (RBF) 
interpolation. The LRPIM method has some advantages compared with the meshless 
methods based on the global weak-forms (e.g., the EFG method). Firstly, it does not need a 
global mesh for either function approximation or integration, and only local integrations over 
simply-shaped local domains are needed for most of the internal nodes.  Secondly, the 
implementation procedure of LRPIM is very similar to the methods based on strong-forms or 
the collocation method [4]. Thirdly, the RBF interpolation used in LRPIM is robust, accurate 
and easy to extend to three-dimensional (3-D) problems. In addition, the boundary conditions 
can be easily and accurately enforced due to the Kronecker delta function properties of RBF 
shape functions. Hence, LRPIM has been successfully applied to many problems including 
two-dimensional (2-D) elasto-static and dynamic analyses of solids[18], 4th order ordinary 
differential equations (ODEs) or partial differential equations(PDEs) for beam structures 
[17], the 2-D contact problems [20][21], microelectronic mechanical systems (MEMS)[22], 
and so on. However, the current publications of LRPIM for solids and structures are limited 
to linear elasticity.  Although there are some related researches for the strong-form methods 
[23][24], no research for the material nonlinear analysis by the local weak-form meshless 
method, e.g., LRPIM, has been reported,.    
A group of numerical techniques have been developed so far to solve the elasto-
plastic problems. Marcal and King [25] developed a stiffness method,  in which they used 
the incremental stress-strain relationship based on the partial stiffness coefficient. Owen and 
Hinton[26] provided finite element computer implementation of elasto-plastic problems 
based on incremental theory. Seshadri [27] developed a GLOSS method based on two-linear 
elastic finite element analysis which is used to evaluate the approximate plastic strains at 
certain local regions. Babu and Iyer [28] developed a robust method using relaxation method, 
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which is based on GLOSS method of analysis, and an attempt was made to satisfy force 
equilibrium in the plastic range. Desikn and Sethuraman [29] developed a so-called pseudo-
elastic method for the determination of inelastic material parameters. In their method, the 
material parameters were considered as field variables, and the linear elastic finite element 
analysis was carried out to get the pseudo-stress distributions. The three algorithms, the 
projection method, the arc-length method, and the Neuber rule, were used to calculate the 
effective material parameters, in which the strain controlled projection method is very 
straightforward and easy to use. This pseudo-elastic method is very simple to use, and is 
very applicable for material nonlinear problems with a proportional loading. Hence, the 
pseudo-elastic method will be applied in this paper.  
In this paper, a meshless pseudo-elastic LRPIM formulation is developed for solving 
elasto-plastic problems. The locally weighted residual method is used to get the meshless 
system of equations and the radial basis interpolation is applied to construct the meshless 
shape functions. The Hencky’s total deformation theory is used to define effective material 
parameters, which are treated as spatial field variables and considered to be functions of final 
state of equilibrium stress and material properties. These effective material parameters are 
obtained in an iterative manner using strain controlled projection method and the meshless 
pseudo-elastic analyses.  Examples are presented to illustrate the effectivity of the newly 
developed formulation for the elasto-plastic analysis through comparing the numerical 
results with those obtained by other methods.  
2. LRPIM formulation 
2.1 Construction of the RBF meshless shape function 
There are a number of ways to construct meshless shape functions [4]. In this paper, the 
radial basis function (RBF) interpolation is used to construct the meshless shape functions, 
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because it is stable and accurate [3].  The locally supported RBF interpolation formulation 
can be written as: 
 { }
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where Ri(r) is the RBF, n is the number of nodes in the interpolation domain of the 
interpolation point x, pj(x) is monomials in the space coordinates xT=[x,y], m is the number 
of polynomial basis functions, and coefficients ai and bj  are interpolation constants. The 
unique variable in a RBF is the distance, r, between the interpolation point x and a field node 
xi, and it makes the RBF interpolation easily extend to three-dimensional problems.  
There are a number of RBFs, and their characteristics in meshless methods have been 
widely investigated [3].  In this paper, the locally supported multi-quadrics (MQ) RBF is 
used to construct the meshless shape function based on the local interpolation domains, 
which is written as 
 2 2
0( ) [ ( ) ]qi i iR r dα= +x  (2) 
where α0  is a dimensionless coefficient, and di is a parameter of the nodal spacing. The 
selections of two parameters (α0 and q) will significantly influence the performance of MQ 
RBF.  The effects of α0 and q have been studied in details in many publications [3][4]. It has 
been found that α0=1.0 and q=1.03 lead to good results for most problems in solids, and 
therefore, these values will be used in this paper.  
It should be mentioned that the MQ RBF usually can lead to accurate and convergent 
results for most problems in solids. However, there are still some technical issues in the use 
of MQ RBF. Firstly, there is still not a theoretical method to determine the optimal values of 
two parameters in MQ: α0 and q. Secondly, MQ RBF can be the ill-conditioned, especially 
for a larger scale. To overcome the ill-conditioning problem, we used the MQ RBF 
interpolation locally (i.e. based on a local interpolation domain), and the normalization is 
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also applied. In addition, the number of field nodes selected in the interpolation domain is 
controlled. In a word, we limit the interpolation in a small scaled local domain.  
Coefficients ai and bi in Equation (1) can be solved by enforcing Equation (1) to be 
satisfied at the n nodes surrounding a point x. Then, Equation (1) can be re-written in matrix 
form as follows 
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(4) 
Solving coefficients a0 from Equation (3) and substituting them back into Equation (1), the 
following RBF interpolation formulation is then obtained 
 { } { }1( ) ( ) ( )e eu −    = =   
   
u u
x R B G Φ x Λ x
0 0
 (5) 
where the RBF shape function )(xΦ  is defined by 
 { }( )11 2 1( ) [ ( ), ( ),......, ( )]n nφ φ φ − −= =Φ x x x x R B G  (6) 
where )(xΦ  is a vector which includes 1 − n elements of { } 1−R B G .  
It has been proven that the RBF shape functions, given in Equation (6), satisfy the 
Kronecker delta condition [4], which makes it easy to enforce the boundary conditions in the 
meshless method based on the RBF shape functions.  
2.2 The local weak-form and the meshless discretization  
Consider the following two-dimensional solid problem in the domain Ω bounded by Γ: 
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,
0ij j iσ b+ = in     Ω (7) 
where σij is the stress tensor corresponding to the displacement field ui, bi is the body force, 
and ( ),j denotes jx∂∂ /)( . The corresponding boundary conditions are 
 
ii uu =                    on  the essential boundary Γu 
(8) 
 
ijiji tnσt ==         on  the natural boundary Γt 
(9) 
where iu  and it  are the prescribed displacements and tractions, respectively. nj is the unit 
outward normal to the boundary Γ (Γ = Γu + Γt). 
In the local meshless method, a local weak-form is constructed over a sub-domain Ωs 
bounded by Γs, where Ωs is located entirely inside the global domain Ω. Because the RBF 
shape functions satisfy the delta function property, the essential boundary conditions, 
Equation (8), can be imposed directly. Using the local weighted residual method, the 
generalized local weak-form of Equation (7) for a field node, I, can be written as  
 
,
( ) 0
s
I ij j iw σ b dΩ + Ω =∫  
(10) 
where wI is the weight function, which is constructed based on node I. 
Integrating the first term of the left-hand side of Equation (10) by parts, we have 
 
,
( ) 0
s s
I ij j I j ij I iw σ n d w σ w b dΓ ΩΓ − − Ω =∫ ∫  (11) 
Usually the shape of the sub-domain Ωs can be arbitrary, but it is convenient to take a 
circle or rectangle for a two-dimensional problem. When there is an intersection between the 
local boundary Γs and the global boundary Γ, the boundary Γs is usually composed of three 
parts (see Figure 1): the internal boundary Γsi, the boundaries Γsu and Γst over which the 
essential and natural boundary conditions are specified, respectively. Imposing the natural 
boundary condition, Equation (9), into Equation (11), we obtain 
 
,
( ) 0
si su st s
I i I i I i I j ij I iw t d w t d w t d w σ w b dΓ Γ Γ ΩΓ + Γ + Γ − − Ω =∫ ∫ ∫ ∫  
(12) 
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It is seen that the local weak-form is obtained by the locally weighted residual method. As a 
result, the choice of weight function is one of the key factors for the performance of this 
meshless method. Some special weight functions can be used to satisfy the required 
conditions [4]. In this paper, the 4th-order spline weight function [4] is used, because it has 
higher continuity and is easy to construct the weight function with zero value on the 
boundary of the local sub-domain. Then, Equation (12) can be simplified because the 
integration along Γsi is zero.  
Gauss quadrature is needed to numerically evaluate the integrations in Equation (12).  
As shown in Figure 1, for a field node xI, a local quadrature cell Ωs is needed for the Gauss 
quadrature; for each Gauss quadrature point xQ, the meshless shape functions are constructed 
to obtain the integrand. Hence, for a field node xI, there exist three local domains:  
• the local quadrature domain Ωs (size rs);  
• the local weight (test) function domain Ωw  where w i ≠ 0 (size rw);  
• the local interpolation domain Ωi for xQ (size ri). 
These three local domains are arbitrary as long as the condition rs ≤ rw is satisfied. 
We usually use rs = rw , because it can simplify the local weak-form, Equation (12).  
Substituting the displacement expression given in Equation (5) into the local weak- 
form Equation (12) and applying this local weak-form for all filed nodes, we have the 
following discretized system of equations, 
 
=KU F  (13) 
where K is the stiffness matrix and F is the force vector, i.e. 
 
s si su
T
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(15) 
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where w, b and t are the weight function, body force and traction matrices, corresponding to 
node I, respectively, and  
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In Equation (14), De is the effective material matrix that is obtained from the effective 
constitutive equation, i.e.:  
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      for plane stress (19) 
where Ee and eν  are effective Young’s modulus and Poisson’s ratio, which will be discussed 
in the following section. 
It should be mentioned here that to get the matrix K in Equation (14), Gauss 
quadrature is used, and it means that K is obtained based on all quadrature points. Hence, 
eD  should be the material parameter matrix at the Gaussian quadrature point.  
3. Determination of the effective material parameters 
3.1 Effective material parameters 
The strain-stress relationship can be taken in the form [29] 
 ( )ij fε σ= ij  (20) 
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where f is a function and ijε  is the total strain tensor, which is the summation of  
conservative elastic eijε and nonconservative plastic part 
p
ijε , i.e.,  
 e p
ij ij ijε ε ε= +  (21) 
The elastic strain tensor is related to the stress tensor and is given by Hooke’s law for 
isotropic material as [30]  
 1e
ij ij kk ijE E
ν ν
ε σ σ δ+= −  (22) 
where ijδ  is the Delta function.  
The plastic strain tensor is related to the deviatoric part of stress tensor and is given 
by Hencky’s total deformation relation 
 p
ij ijSε Ψ=  (23) 
where Ψ  is a scalar valued function, given by 
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and  
 1
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Substituting Equations (22)~(25) into Equation (21), we can get 
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(26) 
Equation (26) can be re-written as 
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where eE  and eν  are the equivalent Young’s modulus and Poisson’s ratio, which are given 
by 
 1
1 2
3
eE
E
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(29) 
Equation (27) is the effective constitutive equation for the analysis of material nonlinearity. 
For example, for the elastic-perfectly plastic material, as shown in Figure 2, the yield 
stress is σ0. Using Equations (28) and (29), we can obtain the effective material parameters 
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(30) 
For the linear work-hardening materials, as shown in Figure 3, the yield stress is σ0 and the 
tangent modulus is ET. Using Equations (28) and (29), we can obtain the effective material 
parameters 
 
0 0
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(31) 
It should be mentioned here that the effective material parameters are functions of the 
final state of stress fields. They are also related to the position of a point because the stress is 
also the function of position. Hence, the effective material parameters can be thought to be 
field variables describing the material properties of each point, where the stress state is 
unique. As discussed in Section 2.2, the system of equations is constructed based on the 
Gauss quadrature points, and therefore, the effective material parameters should be also 
calculated for Gauss quadrature points.  
12 
3.2 The projection technique 
To get solution from Equation (13), the effective material matrix De in Equation (19) should 
be calculated at first. However, as discussed above, the effective material parameters are 
functions of the final stress fields, which are usually unknown. Hence, the direct method is 
impossible to get the final solution, and the following iteration method based on the 
projection technique [29] is used. 
a) the initial linear elastic analysis 
First, a linear elastic analysis is carried out to get the initial stress field. To determine 
whether a material enters the plastic range, the Von Mises yield criterion [26], which 
compares the equivalent stress with the yield stress, is used.  If the equivalent stress 
calculated from linear analysis is smaller than the yield stress, σ0, the computing is finished 
because the material still satisfies the linear elasticity; if the equivalent stress is larger than 
the yield stress, it means the deformation already enters the plastic region, and the following 
iteration computing will be performed. 
b) the iteration computing based on the projection technique 
From the initial linear elastic analysis, we get Point 1 as shown in Figure 4. The 
strain value is kept unchanged (i.e. strain controlled), and Point 1 is projected on the 
experimental uniaixial σ − ε curve to get Point 1′ . The effective value of Young’s modulus, 
(1)
eE , for the next iteration is obtained from the slope of the straight line 0-1′ , and then the 
effective Poisson’s ratio, (1)ev , can also be obtained from Equation (29). Using the new 
effective materials parameters (1)eE  and 
(1)
ev , the next linear elastic meshless analysis is 
carried out to get Point 2 and its projection Point 2′ , and further to obtain (2)eE  and (2)ev  
similarly.  This iterative procedure is repeated and meshless elastic analysis with currently 
evaluated ( )keE  and 
( )k
ev  is performed until all the effective material parameters converge and 
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equivalent stress falls on the experimental uniaxial stress-strain curve.  However, if the 
applied loading is too large, the computing may not converge, and it means that the material 
is already failure, and this certain loading is called the critical failure loading which is also 
an important parameter for solids and structures.  
Table 1 The flowchart of the pseudo-elastic LRPIM method 
 
 
Table 1 lists the flowchart of the pseudo-elastic LRPIM for the material nonlinear 
analysis. From this flowchart, it can be found that an iteration technique is used to get the 
convergent results, and the Newton-Raphson iteration method is employed in this paper. The 
iteration criteria is defined as 
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=
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∑
 
(32) 
1. Input geometry, material properties, external forces, boundary conditions, etc.; 
2. Construct local quadrature domains for field nodes;  
3. Compute meshless shape functions for each Gauss point; 
4. Form initial K(0) based on the linear elastic analysis; 
5. Solve K(0)u = F and get stress for all quadrature points; 
6. Compare equivalent stress σe (xQ) with the yield stress, σ0, 
If 0( )e Qσ σ≤x  stop computing; output results; go to 7; 
6.1 Calculate initial error R  for (0)eE and 
(1)
eE ; 
6.2 Loop while (R ≥  tolerance and the iteration number ≤  the given number) 
6.2.1 Calculate ( 1)ieE
+
 and ( 1)ieν
+
 using the projection technique; 
6.2.2 Update De and form K(i+1); 
6.2.3 Solve K(i+1)u(i+1) = F; 
6.2.4 Calculate stress and the equivalent stress ( 1)ieσ
+ ; 
6.2.5 Calculate error R  for ( )ieE and 
( 1)i
eE
+
 
6.2.6 End loop 6.2. 
6.3 If the iteration number > the given number,  
then this problem does not converge, report failure and go to 7; 
6.4 Output results.  
7. End  
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where n is the number of quadrature points, ( )ieE and 
( 1)i
eE
+
 are the effective Young’s 
modulus of the ith and the (i+1)th iteration steps, respectively, and R is a specified accuracy 
tolerance. 
 
4. Numerical examples 
To illustrate the effectiveness of the presented pseudo-elastic LRPIM formulation for the 
material nonlinear problems, several cases are studied. The units are taken as standard 
international (SI) units, unless mentioned otherwise.  Sixteen field nodes, which are the 
closest to the interpolation point, are used to construct the meshless RBF shape functions.    
4.1 Uniaxial tension of a bar 
Figure 5(a) shows a 3 m×0.3 m cantilever bar is subjected to a uniform tensile pressure 
having a resultant F. The Young’s modulus is assumed as 112.1 10E = ×  Pa, the Poisson’s 
ratio is 0.3ν = , and the yield stress is 80 1.68 10σ = ×  Pa. The bar is assumed as being in a 
plane stress state. As shown in Figure 5(b), 163 irregularly distributed field nodes are used to 
discretize the problem domain. 
The material is initially considered as elastic-perfectly plastic. The present pseudo-
elastic LRPIM method is applied to get the results. Figures 6 and 7 show the convergence 
paths for different F. It can be seen that the present pseudo-elastic LRPIM method using the 
projection technique can quickly produce convergent results. However, the number of 
iteration steps will increase as F increases.  When F is larger than a certain value, the results 
will become non-convergent, and the structure fails, as shown in Figure 8. This value is 
called the critical failure load, and it is 655.5 10F = × N in this problem.   
Figure 9 shows the displacement ux of the free end in the x-direction under different 
loadings. For comparison, FEM results [31] are also plotted in the same figure. It can be seen 
that the results of the present method are in good agreement with the FEM results. It should 
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be mentioned that the present method needs much less iteration steps and therefore, is more 
efficient. For comparison, the thin-plate spline (TPS) RBF is also used to construct the 
meshless shape functions. It has been found that the TPS leads to slightly worse accuracy 
than the MQ. However, the TPS RBF does not involve undetermined parameter.  
A work-hardening material is also considered, as shown in Figure 10. It clearly 
shows that the pseudo-elastic LRPIM method also gives convergent results for 
680 10F = × N.  A work-hardening material has a much higher critical failure load than an 
elastic-perfectly plastic material.  
4.2 A V-notch plate 
A V-notch plate, subjected to the axial load F is considered, as shown in Figure 11. The plate 
has a length of 40L = mm and a width of 20d = mm; the notch has a width of 10a = mm, 
and the depth of 2.5b = mm. The material is elastic-perfectly plastic, having Young’s 
modulus of 81.0 10E = ×  Pa, Poisson’s ratio of 0.2ν = , and a yield stress of 70 3.0 10σ = × Pa. 
Irregularly distributed 431 field nodes are used.  
Figure 12 presents the distribution of stress σxx along y, in the cross-section of  x=0,  
for F=1880 N. It clearly shows that there is a stress concentration at the tip of the notch. For 
comparison, the FEM results are also plotted in the same figure. It can be observed that the 
results obtained by the present method are in a very good agreement with the FEM results. In 
addition, the critical failure load of 2286 N, obtained by the present method, is comparable 
with the analytical result of 2250 N [32].  
4.3 A thick cylinder subjected to internal pressure 
A cylindrical vessel [31] , subjected to an internal pressure p is considered, as shown in 
Figure 13. It is under plane strain condition. Due to symmetry, only a quarter of the cylinder 
is modeled, using 163 irregularly distributed field nodes, as shown in Figure 14.  The 
16 
Young’s modulus is 112.1 10E = ×  Pa, the Poisson’s ratio is 0.3ν = , and the yield stress is 
8
0 2.4 10σ = × Pa. An elastic-perfectly plastic material is considered.  
Figure 15 presents the displacements obtained by the present pseudo-elastic LRPIM 
method, and the analytical results [26] are also plotted in the same figure for comparison. It 
is obvious that the LRPIM method gives very accurate results.  
5. Conclusions 
In the present paper, a meshless pseudo-elastic LRPIM formulation is developed for solving 
elasto-plastic problems. The local Petrov-Galerkin weak-form is used to get the meshless 
system of equations, and the radial basis interpolation is used to construct the meshless shape 
function. The Hencky’s total deformation theory is utilized to define the effective material 
parameters, which are treated as spatial field variables and considered to be functions of final 
stress state and material properties. These effective material parameters are obtained in an 
iterative manner using strain controlled projection method. Examples are presented to 
illustrate the effectiveness of the present formulation for the elasto-plastic analysis of solids. 
It has been found that the new formulation leads to convergent and accurate results, if the 
applied loading is smaller than the critical failure loading. In addition, the present method 
can also accurately give the critical failure loading. In summary, the studied  examples have 
demonstrated that the present pseudo-elastic LRPIM method is very effective for the analysis 
of nonlinear materials with proportional loading.   
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Figure 1 Local domains used in the pseudo-elastic LRPIM  
 
 
 
 
 
 
 
 
 
 
Figure 2 The stress-strain relation for a elastic-perfectly plastic material 
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Figure 3 The stress-strain relation for a linear work-hardening material 
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Figure 4 To determination Ee by the projection method 
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(a) The cantilever bar 
 
 
 
 
 
 
 
 
 
 
(b) 143 irregular field nodes 
 
 
 
Figure 5 A cantilever bar under uniaxial tension 
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Figure 6 The convergence path for the bar with the elastic-perfectly plastic material 
(F=54MN); (a) the convergence path; (b) the magnified convergence path 
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Figure 7 The convergence path for the bar with the elastic-perfectly plastic material 
(F=55MN); (a) the convergence path; (b) the magnified convergence path 
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Figure 8 The convergence path for the bar with the elastic-perfectly plastic material 
(F=56MN) 
 
  
Figure 9 The displacement-force response for the bar with the elastic-perfectly plastic 
material  
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Figure 10 The convergence path for the bar with the work-hardening material (F=80MN) 
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Figure 11 The nodal distribution for a V-notched plate 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 12 The distribution of stress, σxx, along the cross-section of x=0 for the V-notch 
problem 
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Figure 13   Hollow cylinder subjected to internal pressure 
 
 
 
 
 
 
Figure 14 The nodal distribution of the hollow cylinder  
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Figure 15 The radial displacement at inner surface vs. the pressure  
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